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A method for investigating the perturbations of the external field due to a system of local
inhomogeneities (defects) in an elastic medium is proposed, The method is based on a
certain special representation of Green's tensor for 8 medium with defects in terms of
the interaction energy operator which is convenient for describing the asymptotic beha-
vior of perturbed fields, If the defects are small compared with the distances between
them this representation makes it possible to construct effective solutions and to find
expressions for the energy and for the interaction forces between the defects,

Section 1 introduces the interaction energy operator and deals with the construction
of the asymptotic representation of Green's tensor for a homogeneous medium containing
a single defect, The procedure for calculating the coefficients of the expansion is pre-
sented in Sect, 2 by way of an example (an ellipsoidal inhomogeneity), Section 3 con-
cerns the general case of interaction of a defect system, Section 4 contains sample
calculations for two ellipsoidal inhomogeneities, An explicit expression for the asymp-
totic behavior of the interaction energy is derived and special cases considered,

1, We begin with the general scheme. Let L,be a linear operator associated with a
known Green's function G, satisfying certain boundary conditions, namely L,G, == I,
where I is an identity operator, If L, is a perturbation of the operator L, such that there
exists a Green's function G of the operator L = L4 - L,, we can show that G is given

by the representation G = G, — G,PG, (1.1)
where the operator P is defined by the expression
P =1L, (L, + L160L1)~1L1 (1-2)

In fact, substituting P into (1.1) and applying L from the left side, we obtain
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= (Lo + L)) [Gy — G,L, (L, + L,G,L,)*L,G,) =
=1+ — (Ly + LiG,Ly) (L, + LG L) LG, =T

Thus, construction of G reduces to finding P from Eq. (1.2); this is more convenient
in the defect problem, since the kemel of the operator L, is localized in a bounded do-
main which can usually be assumed small, We note that when the operator L; has mean-
ing, expression (1, 2) can also be written as

P = (Lt + Go)t (1.3)

Now let us consider a homogeneous elastic medium with a single defect, The opera-
tor L is defined by equations relating the displacement u, (z) and the external forces

g (2) . 0a [P (2) Ori. (2)] = — ¢B () (1.4)
Let us suppose that the tensor of elastic moduli is of the form
B (x) = P - clamk" (x) (1 5)

Here ¢ P i the tensor of elastic constants of the homogeneous medium ; ’q * (z)
is the perturbation produced by the defect localized in the (small) domain V., The case
¢y = oo corresponds to a rigid inclusion and ¢, = — ¢, to a cavity.

Assuming that the Green's tensor Ga,; (z, z') for the homogeneous medium is known
and applying the above scheme, we can write the Green's tensor Ggp (%, Z ") for the

defective medium,
Gap(z, ') = G (x, 2') —

— 6o (@, v)on Proc(y, 1) G2 (v, =) dydy’ (1.6)
Rewritten in operator form this becomes
G = G° — G°VPVG° (1.7

where (as is easy to show) P satisfies the following integral equatign in the domain V:

P(z, x)-—cl(x)g vG°(z, Y)VP (y,2")dy = — ¢, (z)d (z—-2'), z &V, ' =V’

(1.8)

Its solution can be expressed symbolically in a form similar to that of (1.2),
P=¢, (VG Ve, — )= ¢,Q7¢, (1.9)

Q. ¥)=—ec. (@ VV'E (v, ¥)ey (¥') — & (10 (y — ¥)
yevV,yeVv (1.10)
If the operator ¢,~! has meaning, then P can be written as

P =(VG°V — ¢,y = R (1.11)
Ry, y)=—VWC(y)—c'Ndly—y¢) veV, yeV (112
It is clear that the operator P is selfadjoint and that its kernel satisfies the symmetry
conditions Pt (y, y') = Pt (y, y') = PSM(y', ) (1.13)

and is concentrated in the (small) domain ¥V X V.
The solution of Egs. (1.4) now becomes

e (2) = " (z) — { G (2, y) PV (y, y')eay’) dydy’ (1.14)
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where y, (z) and €ap (Z) are the displacement and strain in the defect-free medjum,
The operator P also enables us to write the expression for uq (x) in explicit form pro-
vided the forces and moments acting on the defect are given,

The energy of interaction between the defect and the external field €45 () turns out

to be ‘
®= _2'“ ean (y) PP (y, ¥') &3 (y') dydy’ (1.15)
v’

which means that P can be regarded as the operator of the energy of interaction between
the defect and the external field, ~

In some problems (e.g. in the case where a local inhomogeneity models a vacancy
or a foreign atom in the crystal) it is interesting to determine the force acting on the
defect [1], This force can be found by assuming that the defect is capable of transla-
tional motion through the medium, The kernel of the operator P and therefore the inter-
action energy (D then depend on the coordinates Z, of the center of mass of the defect,
and the force acting on the defect is given by

fom = B (eta) ZPPety, v, o) einly’)dydy’ (1.16)
dzo o dzo

The same method can be used to find the resultant moment exerted on tie defect by
the external field,

In general the kerel P2 (y, y’) of the interaction energy operator can be found
numerically, This is facilitated by the fact that unlike G,g (2, Z) , the kernel
Pedr (y y') is concentrated in a bounded domain,

The problem becomes much simpler (and in some cases solvable analytically) if we
are interested merely in the asymptotic behavior of the perturbed field, This is equiva-
lent to the assumption that the defect is small compared with the distances from the
defect, or(which is the same thing) to the approximation of P by the first terms of the
expansion in multipoles.

The expansion of P in a multipole series at the point I, is of the form (1.17)

DPapre (y, y’) —_ 2 (_ 1)ma.nPaB7«p.7u...Amm...un 6,7“.“7\"' (y . zo) (5,.,,‘__‘,," (y; _ xo)
mn

mln!

PR Ay o 1 SS PaBu(y 4z ' o)yt .yt ytndydy’

which can be abbreviated as

P(y’ y,) = Z(—' 1)m"‘l)mn G(M)(y - x()) 6(")(y’ — ) (1'18)
mn

Substituting this expansion into (1. 8), we eventually arrive at a linear system of equa-
tions for determining the coefficients P,,.

Expression (1. 14).implies that to obtain the asymptotics of ug (x) of order| z — zq|™
we must retain terms up to the order m 4+ n == I — 2 , inclusively, in expansion
(1.17). In the zero~th approximation we are left with one term with the coefficient
Py It can be shown that this approximation corresponds to the model of a point defect
in an elastic quasicontinuum considered in [2].

In the case of a homogeneous external field e;g = const the energy of defect-field
interaction is given by the exact formula
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= 18ap° Poo®M¥ £3,° (1.19)
which makes possible a physical interpretation of Poo-
As we shall show, the asymptotic behavior of the solution for a defective system can
be constructed provided the first coefficients P, for each defect are known,

2, Let us consider in more detail the independently interesting case of an ellipsoidal
anisotropic inhomogeneity in an infinite isotropic homogeneous medium, Let

€, 2PM () == ¢, %82 V () (2.1)

where ¢,*B* is a constant tensor and V (z) is the characteristic function of the ellip-
soid defined by the canonical equation
(zh)2 {22 Z%)2
e +Er Lg,? =1 2.2)
It can be shown that the system of equations for /?,,,, breaks down in this case into
independent equations for each of the coefficients P and P,,,. The remaining coef-
ficients are related by recursion formulas, Thus, the expressions for the coefficients are
obtajnable in closed form (in quadratures),
From now on we shall confine our attention to the principal terms of the asymptotics
of the perturbed fields, which will enable us to limit ourselves to the explicit expression
for the coefficient Poo. Omitting the cumbersome intervening expressions, we state the
finalresult poo— — we; (¢, + ede) e, = — v (et + A)2 (2.3)
where v is the volume of the ellipsoid and A4 is a constant tensor with the symmetry of
¢*B2 over its indices; this tensor depends on the geometric characteristics of the ellip-
soid, the shear modulus g, and the Poisson's ratio vof the external medium, We infer
from this that 4 must have ellipsoidal symmetry and be defined by nine essential com-
ponents, In the chosen coordinate system attached to the principal axes of the ellipsoid

we have
Agyyy =%y (31 + (1—=4v)iy], Ajrgy =% [y — I4] (2.4)

Aggrs = Yo Uy + Iy + (1=2vy) (I} + 13), %o ="/s [wpy (1—vo)I™?

The quantities
Il

I A ¢
Io= ”;}{a;ﬁ)&{a}' Tpe= é{ap +£>{ag+f,>ma>
AE)= Va2 +E)(a?® +E)(a® +EY) (2.5)

can be expressed in terms of elliptic integralk.

The remaining six nonzero components of the tensor Aapay are obtainable from (2.4)
by eyclic permutation of the indices 1, 2, 3.

The resulting expression for Py, enables us to use relation (1.14) to obtain the prin-
cipal term of the asymptotic expression for the perturbed field in an arbitrary external
field, As already noted, expression (1,19) is exact for a homogeneous external field,
and the asymptotic behavior of the perturbed field in the particular case of isotropic
ellipsoidal inhomogeneity coincides with the asymptotic expression previously obtained
by a different method by Eshelby [11.

8, Now let us consider a homogeneous elastic medium containing a system of defects,
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The operator [, is defined by Eq. (1.4) as before, but the tensor of elastic moduli is of
the form OB (2) == P+ D) ;%P () (3.1)

1
where ¢;*P* (z) is the perturbation produced by a defect localized in the (small) do-
main V.

It is clear that the Green's tensor G,g (Z, ') for a medium containing a defect sys-
tem is of the form (1.6)., However, in contrast to the case of a single defect the inter-
action energy operator is given by the operator sum

P = ZP‘J' 3.2)
ij
where P has a kemel concentrated in the domain V, X Vy and is expressible in a
form similar to that of (1. 9),

Pi = ¢, (e,VG°Ve; — ¢;0,5) 7%y = (VG°V — ¢,18,)! = R, (3.3)
Ry, ¥)=—VV6(y, ¥)—c2(nd(y — y')dy,
vev, yev, (3.4)

We see from this that the operator P is selfadjoint and that its kernel satisfies sym-
metry conditions (1.13) and is concentrated in the domain U V; X V.

Expressions (1,14) and (1,15) are valid for the dlsplaceme’nt due to defects and for
the interaction energy ; the force exerted on the kth defect by the external field and by
the external defects can be determined from formula (1. 16), where Z,* must be replaced
by the coordinates z,%of the center of mass of the kth defect,

The components of the matrix PY depend on the distances ry; = | ; — Z; | between
defects. Let us consider the case where the distances between defects are large compared
with the sizes of the defects and find the principal term of the expansion of the matrix
Pii in distances, In the zero-th approximation the defects do not interact and P¥ =
= Pidij where Pi is the operator of the ith defect, It can be shown that the problem
reduces to paired interactions in the first approximation, It is therefore sufficient to
consider the case of two defects,

In this case Pi is a second-order matrix and according to (3. 3) we have

(PY* vG°y
vG'y (P
It can be verified directly that the operator components P# are given by the formulas

(no summation!)

Pl = (Ry — Ry Ry )™, Pl = (Rj — R Ry)™ (1) (3.6)

1

(Wi=1.2) (3.5)

Ru=l

Retaining the principal terms in ry, = | & — 2, | in these expressions, we obtain
. pt — PigGegyP? s
Pii = (_ PryGoy P P3 ) + 0(ry, (3.7

i.e. the principal term in ry, of the matrix Pi¥ can be expressed explicitly in terms
of the operators P! of the individual defects,



404 I, A,Kunin and E, G, Sosnina

If, as in the case of a single defect, we are interested only in the asymptotics of the
perturbed field and in the defect interaction energy, we can approximate the kernel
P (y, y’) by the first terms of its expansion in multipoles in the neighborhood of each
defect, (3.8)
Py y) = (=)™ DPE(r)em (v — 2 8em (' — 23), & Vs, 7, SV’

ij

It is important to note that the principal terms in r;; of the first coefficients of the
expansion are obtainable in explicit form provided the first coefficients Pp,, for each
defect in the absence of other defects are known,

In the case of a homogeneous external field the energy of interaction between the
defects and the external field is given by the formula

® =1/,8°Poy(ri2)e°,  Pooirn) = Zpooii("rz) (3.9)
ij

which is exact for any ry, .

1t follows from this that the asymptotic expression of the matrix Pyq' (ry,) is the
sole contributor to the principal term of the asymptotic expression of @ in Iy in a
homogeneous field, In the case of an arbitrary external field it is also necessary to take
into account the contributions made to the asymptotic expression of (0 by the asymto-
tics of the diagonal components of the matrices P g% (ry3) and Py, (ry,). This con-
tribution is equal to zero if the defects have central symmeury or if the external field
varies slowly at distances on the order of defect sizes,

4, To illustrate our method let us find the principal term of the asymptotic expression
of the interaction energy ¢ of two ellipsoidal inhomogeneities in an unbounded elastic
medium,

The principal term P! of the expansion of the kemel of the operator P* for each
ellipsoid considered as an isolated defect is known,

Pool = — vy (4 + ¢ (4.1)
The tensors A; have structure (2. 4) in the coordinate systems attached to the ellipsoids,
Recalling (3, 7), we can obtain the components of the matrix
pl PlyvG®(zy—az,) P2

Pl (ry) =
o T PAgy G (2 — 3) P P2

(4.2)

in the approximation under consideration,

As already noted the matrices P, and P,;," need not be considered by virtue of
the central symmetry of the ellipsoids,

Substituting Pyt (ry,) into (3, 9), we obtain

D=0+ O+ Dyryy° + 0 (riz™*) (4.3)
D =1/, 8°p‘i)o e, ©,ry 2 =e°P O‘I,VVGO (Zy — 32)P03. e (4.4)

Here CIZ)‘,i is the intrinsic energy of the ith defect and (D"is a quadratic function of
the external field which also depends on the elastic constants of the medium and on the
defect parameters,

Let us write out the explicit expressions for ®; and @, for the case where the exter-

nal field is purely dilatational,
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and where the inclusions take the form of two spheroids with the common axis of rotation
2? and isotropic elastic constants,

Of = — 2% 3pt + PY) (4.9)
@, = £ 14— 2v,) (plp3 + PP + 2 (4 — Vo) P1P3] @.n

I’i “’(5"‘4"0)1‘— +8“ (1 — vo) pol s, P;=2(i—2"o)(1"“li) (4.8)
A;-..[Ii(i-—vo)I‘—ZI*——Sn(i-vo) = 1“‘][(3 — v i — 1, —

— L) 2
—8n(t— v AT 2 L Lt B~ w)m,;w]

Here the index ¢ is the number of the defect and the subscript in the quantities pg*
denotes the principal axes of the ellipsoids (assuming only the values 1, 2 by virtue of
rotational symmetry).

The Hmiting case of a rigid inclusion results if we let p; — o¢ in (4, 8); the case
of a cavity results if we set pby == — Jhgy V; == Voo

1f one of the ellipsoids (e. g. the second one) is a sphere, then P3® == 0 and the expres-
sion for @, becomes much simpler,

1
3o1vaEe® po 4—wvo 1~—'2V:] ‘n—n .
@ =B [y g e dosel ot a2 (49)

If both ellipsoids are spheres, then Py == py* =10 and @, = 0. This agrees with the

familiar result of [3] whereby the interaction energy for isotropic spherical inclusions is
~r8,
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